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Abstract 
 
Investments in high-voltage transmission facilities require large financial commitments and significantly affect the 
future reliability and economy of the interconnected power system. Transmission expansion planning is complicated 
by the potential component unavailability due to forced or scheduled outage. Transformers comprise one important 
set of system components of which many in current use are reaching an advanced service age. Condition monitoring 
technologies can help improve predictions of their reliability. We formulate and analyze an optimization model for 
transmission expansion planning and transformer replacement that accounts for transformer as well as transmission 
line reliability and solve a small instance in a reasonable amount of time. 
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1. Introduction 
Current US transmission systems were constructed primarily for the industrial era of the 1950s and 1960s. Annual 
investment in those transmission systems has declined since 1975 and reached its lowest point during the period 
1992-2002.  Projected increases in U.S. transmission capacity were little more than a quarter of the load growth 
estimated in 2004 over the following decade [1]. Investments in these transmission facilities require large financial 
commitments and significantly affect the future reliability and economy of the interconnected power system.  
 
Transformers comprise one important set of system components, with sizes ranging from as low as a few KVA to 
over a few hundred MVA, and replacement costs from a few hundred dollars to millions of dollars. The U.S. high-
voltage transmission system contains well over 100,000 transformers, many of which are reaching an advanced 
service age. The reliability of transformers can be estimated by monitoring conditions indicating deterioration in 
solid (paper) and liquid (oil) insulation. As transformers age, the transmission network becomes less reliable because 
transformers form critical links between different voltage levels of the network, including between each generator 
and the transmission grid.  
 
Transmission expansion planning and transformer replacement (TEPTR) is concerned with allocating financial 
resources to provide adequate transmission facilities as well as system reliability. TEPTR is complicated by the 
potential component unavailability due to forced outage. There are several measurements used to assess reliability 
levels of electric power systems, such as performance based measurement (overload, undervoltage, loading margin, 
etc.), index based measurements (system or nodal loss of load expectation, LOLE), and so on. In this paper, we 
choose LOLE of the transmission network as the reliability measurement because in the long run LOLE represents 
the effectiveness of the network system to satisfy load (demands). A system tends to be more risky and unreliable if 
it has a high expected loss of load.  Building more lines or replacing transformers can reduce loss of load cost, but it 
requires more investment. Hence, long term power transmission network expansion planning under uncertainty is a 
tradeoff between constructing new facilities and loss of load risk. Our goal consists of adding transmission circuits 
and replacing transformers from a predefined set of candidates in order to minimize the investment and operational 
costs as well as expected loss of load costs, and to supply the forecasted demand during the planning horizon.   
 
There has been significant work done on transmission expansion planning (TEP) problems. A representative sample 
of this work includes the following. Shahidehpour [1] provided an overview of many current TEP issues and their 
significance, including government and regional planning, and the cost of transmission infrastructure. Baughman et 
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al. [2] incorporated TEP into a comprehensive stochastic framework for integrated resource planning and applied 
generalized Benders decomposition with Monte Carlo importance sampling to solve some illustrative cases [3].  
More recent papers focus on the deterministic TEP problem.  Binato [4] described a new Benders decomposition 
approach to solve the TEP in the form of disjunctive models.  Romero [5] compared four types of one stage TEP 
formulation with different complexity levels — DC power flow models, transportation models, hybrid models, and 
disjunctive models — and noted that the optimal solution for the disjunctive model (a linear model) is the same as 
the one for the DC model (a nonlinear model) under certain conditions.  Latorre et al. [6] succinctly reviewed the 
literature, classifying publications and models on TEP from the solution method and the planning horizon 
perspectives. Escobar [7] presented a genetic algorithm to solve a multistage TEP problem in a DC model 
formulation.  Choi et al. [8] presented a method for TEP aiming to minimize the investment costs for constructing 
new transmission lines subject to probabilistic reliability criteria, but they did not consider the potentially significant 
effect of aged transformers on transmission network reliability.  
 
In this paper, we formulate and analyze an optimization model for TEPTR that accounts for not only transmission 
line reliability but also transformer reliability as might be estimated by condition measurements and solve a small 
instance by using Benders decomposition. The mathematical formulation is discussed in section 2 and Benders’ 
solution method in section 3, followed by a small instance described in section 4. Finally conclusions and research 
directions are described in section 5. 
  
2. Mathematical Formulation 
Transmission expansion planning using transformer condition information can be formulated as a two stage 
stochastic programming problem. For simplicity of illustration, in this paper, we only consider transmission circuit 
planning and transformer replacement for a single period horizon. The master problem is a binary integer program 
that determines where new transmission circuits should be installed or transformers replaced. The sub-problem is a 
DC power flow model formulated with disjunctive constraints, aiming at minimizing loss of load costs once 
additional circuits and replacement of transformers are fixed. We use the disjunctive model as stated in [5] instead of 
the original DC model, because it is a linear model that is more easily solved by Benders decomposition. The model 
is formulated as follows: 
1 2
'
( , ) ( , )
min  [ ( , , )]pij ij ij ij
i j C p i j C
v c y c x E Q y x 
 
     g  
s.t.  1 , 1,..., 1p pij ij ijy y p P     
0 or 1pijy                 1( , )i j C      1, 2,..., ijp P                           
0 or 1ijx                 2( , )i j C  
Sub-problem:   ( , , ) min k
k
Q y x r    
s.t.  0 0 1 1S f S f g r d                 (1) 
0 0 ( ) 0ij ij ij i jf n                           (2) 
( ) (1 )p pij ij i j ijf M y               (3) 
0 0 0
ij ij ijijf n f                                           (4) 
p p p
ij ij ijijf f y                                          (5) 
ij ij ijf f   2( , )i j C   (6) 
0 g g                                                  (7) 
0 r d                                                   (8) 
 
where ijc , 'ijc , ij , 0ijn , ijf , ijf  represent for branch i-j, respectively the cost of an additional line, the cost of a 
transformer replacement, the circuit susceptance (assumed to be equal for parallel circuits), the number of circuits in 
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the base case, the power flow, and the corresponding maximum power flow. Binary variable pijy  equals 1 if the pth 
circuit is added to interconnect buses i and j; otherwise 0. The decision variable ijx  equals 1 if transformer in branch 
i-j is replaced; otherwise 0. Superscripts 0 (1) refer to existing (candidate) network variables, respectively. S is the 
branch-node incidence matrix, f is a power flow vector with element ijf , g is a generation vector with element kg  in 
bus k whose maximum value is g , r is loss of load with element kr  in bus k, θ is the node voltage angle, and  is a 
penalty factor (which is normally the marginal price of power). C1 represents the set of all existing and candidate 
circuits, where a total of Pij  candidate circuits are pre-specified by the decision maker on branch (i, j), and C2, the set 
of all transformers directly connected with buses i and j (all assumed to be candidates for replacement).  ij is a 
random variable that indicates 1 if the branch i-j is available, otherwise 0.  If pijy is 0 in the master problem, pij will 
be 0 with probability 1. Finally, M is a large number (the disjunctive parameter used in the power flow equations for 
the candidate branches).  
 
In the master problem the decision variables are the additional circuit vector y and the transformer replacement 
vector x.  In the sub problem, for modeling purposes the power flow f, generation g, loss of load r and node angle θ 
are treated as decision variables for each realization of the ξ vector, although the physical reality is that only g can be 
controlled while f and  are determined by Kirchhoff’s laws, as approximated linearly in (2) and (3). We assume the 
availabilities of each branch (element of ξ) are independent.  For transmission branch 1( , )i j C , the probability that 
ξij = 1 (the branch availability) is treated as a constant. However, for transformer branch 2( , )i j C , the probability 
that ξij = 1 will increase when a transformer is replaced by a more reliable one. 
 
The objective function corresponds to the minimization of all investment costs in building new transmission 
facilities, transformer replacement plus risk cost in the form of penalized expected loss of load. The constraints (1) –
(3) are the linearized power flow equations for the existing and candidate network. Other constraints state 
operational limits and integrality conditions. Note that if the candidate circuit is built, its power flow equation (3) is 
identical to the power flow equation of an existing circuit (2). Otherwise constraint (3) is redundant.  
 
3. Benders Decomposition 
Benders decomposition (BD) is a widely used method in both integer and stochastic programming. Solving the 
above mathematical model is not easy due to the combinatorial nature of the problem. Because the problem has a 
feasible set with block diagonal structure, Benders decomposition has been applied, which in two-stage stochastic 
programming is also known as the L-shaped method.  The algorithm iterates between solving the master problem 
and the set of sub-problems, one for each possible scenario of the ξ vector. After obtaining all solutions of the sub 
problem for current master solution, a Benders cut (optimality cut or feasibility cut) is generated and added to the 
master problem. The algorithm terminates when the difference between the lower bound from the master problem 
and the upper bound from the sub-problem is small enough or when a prespecified number of iterations is reached.   
 
4. Illustration 
The proposed transmission planning model has been applied to a 6 bus power system shown in Figure 1. All the 
parameter values are in p.u. (a normalized unit in power systems). The candidate transmission circuits are pre-
selected to be Line 1-3 and Line 2-3 represented as the dashed lines in Figure 1, and the candidate transformer 
replacements are Branches 1-4, 2-5, and 3-6. Only bus 6 is considered to potentially experience loss of load. The 
parameter values adopted in the planning model are given in Table 1. The availability of each circuit is 0.99, and the 
availabilities of transformers (1,4), (2,5), and (3,6) are 0.6, 0.9 and 0.9, respectively, if not replaced. If a transformer 
is replaced, its availability is 1.  
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 Figure 1:  A 6 bus power system 
 
Table 1: Parameter values adopted in Example 
c13 c23 14c  25c  36c  12f  13f  23f  1g  2g  d6 α 
1 1 5 10 10 2 2 2 5 4 6 5 
 
The TEPTR model for this example is formulated as follows:  
 
MP:                            1 113 23 14 25 36min 5 10 10 ( , , )v y y x x x E Q y x        
                                     s.t.                          1 113 23 14 25 36, , , , {0,1}y y x x x   
 
SP:                             6( , , ) minQ y x r  g
s.t.          0 112 13 13 14 0f f f f      
            0 112 23 23 25 0f f f f           
        0 1 0 113 13 23 23 36 0f f f f f                                                
  14 1 0f g   , 25 2 0f g   , 36 6 6f r   
                    12 1 25( ) 0f      
                   013 1 32.5( ) 0f      
                 023 2 32.5( ) 0f      
   1 113 1 3 132.5( ) (1 )f M y      
       1 123 2 3 232.5( ) (1 )f M y      
12 122f   
0 0
13 132f  , 1 1 113 13 132f y   
14 14 14f f   
0 0
23 232f  , 1 1 123 23 232f y   
35 35 35f f   
46 46 46f f   
10 5g   
20 4g   
60 6r   
Because the availability of each transformer depends on the replacement decision, the expected value computation 
in the master problem objective function is nonlinear. For simplicity, we tested all (23=8) combinations of 
transformer replacement strategies. For each combination, both the master problem and sub-problem are linear so 
that the ordinary BD technique could be applied. By programming in MATLAB with TOMLAB to call CPLEX, we 
found the 8 solutions of different combination of transformer strategies in Table 2 in 52 seconds. In each case, the 
upper bound from the master problem and lower bound from the sub problem did not converge, but the procedure 
5
3
6
1 24 G2≤4 
~ X12=0.2 
X23=0.4 X13=0.4 
G1≤5 
~ 
d6=6
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was terminated when the upper bound stabilized and no additional cuts were generated from sub-problem solutions.  
Table 3 shows the bounds generated under the first replacement strategy in Table 2.  The best overall strategy, in the 
first row of Table 2, indicated that additional Line 1-3 should be built and no transformers need to be replaced, 
because a transformer replacement was more costly than adding a new circuit or penalty of loss of load. The optimal 
objective value was 9.3316 comprised of the cost of building one new circuit and expected loss of load cost 8.3316.  
 
Table 2: Solutions for different combinations of transformer replacements 
 
Table 3:  Benders decomposition for the no-replacement strategy 
Iter No. Lower Bound Upper Bound 
1 -inf 14.361 
2 -0.698 10.548 
3 6.2716 9.5909 
4 7.3611 9.3316 
5 7.3611 9.3316 
 
To validate the solutions and investigate the lack of convergence in the bounds, we also enumerated results for this 
small instance directly.  Each of the 25=32 combinations of master problem decision variables generated 2n scenarios, 
where n is the number of branches available from the master problem solution, e.g. the worst case is 28=256. The 
final optimal solution agreed with the first row of Table 2, but it took 64 seconds to identify it. In this example BD 
showed little better time efficiency than enumeration, possibly due to the small number (4) of feasible combinations 
of decision variables in the master problem for each replacement strategy. However, we expect that in larger 
instances BD will exhibit greater efficiency, because as Table 3 shows, the optimal solution was found by stabilizing 
the upper bound in only a few iterations. However, the gap between the bounds requires further study.  
 
Complications in applying BD to disjunctive models have been observed previously [4].  One drawback is the 
potential for numerical instability caused by including large values of the disjunctive parameter M with smaller 
values for the other model parameters.  In addition, the Benders cuts generated from dual solutions of the 
subproblem and passed to the master problem include these values in both coefficients and right-hand-sides.  Binato 
et al. [4] experimented with a scheme for starting with small values of the disjunctive parameters and adjusting them 
up to their minimal values guaranteed not to restrict the solution set.  In our example, we found that for M = 106, BD 
obtained all optimal solutions identified by the enumeration (i.e., the optimal expansion plan for each replacement 
strategy), but the differences between the upper bounds (UB) and lower bounds (LB) remained wide. Smaller values 
of  M = 105 resulted in smaller UB-LB differences but allowed the optimal expansion solutions to be found only for 
the first four replacement strategies (rows) in Table 2.  More investigation of the impact of M on the convergence of 
BD in the TEPTR model is required. 
 
In this example, transformer 1-4 has lower availability than the other transformers and much higher replacement cost 
than construction cost of any transmission line.  Figure 2 shows the results of a parametric analysis of its availability, 
which was conducted by varying that single parameter and optimizing while holding all other problem parameters 
constant. The results show a threshold availability value between 0.5 and 0.6. For higher availability values 
(including the base case value of 0.6), it was optimal not to replace the transformer because of its high replacement 
cost  — it was more cost-effective to reduce loss of load by adding transmission lines instead.  Higher availability 
values reduced the expected loss of load cost as well as total cost by making the whole transmission network more 
reliable.  If the transformer’s availability was 0.5 or lower, it was better to replace it with a new one, despite the high 
14x  25x  36x  113y  123y  v 
0 0 0 1 0 9.3316 
0 0 1 1 0 16.924 
0 1 0 1 0 18.365 
0 1 1 0 1 25.85 
1 0 0 1 0 10.26 
1 0 1 1 0 17.4 
1 1 0 0 1 19.802 
1 1 1 0 1 26.891 
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replacement cost, rather than to risk loss of load caused by effectively making generation from bus 4 unavailable to 
the system. Given that the transformer is replaced, the total cost is constant because availability of the old 
transformer has no effect on the new network. This type of analysis is one approach for determining critical 
equipment and allocating resources for condition measurements to estimate future availability.  In practice, a drop in 
the estimated availability to near the threshold identified by the optimization model could trigger closer inspection 
and consideration for actual replacement. 
 
0
2
4
6
8
10
12
0 0.2 0.4 0.6 0.8 1
Availability of transformer (1,4)
Co
st
 Figure 2: Total optimal cost vs. availability of transformer 1-4 if not replaced 
 
As the problem size increases, the enormous number of scenarios (2n, where n is the total number of available 
branches including circuits and transformer branches) may lead to long solution times. The higher the number of 
candidate circuits the problem has, the greater the number of scenarios in the sub problem will be. Hence, to solve 
large size instances of the above model, we plan to investigate Monte Carlo scenario sampling, performing 
importance sampling to speed up convergence to the optimal solution with an acceptable confidence level [2].  
 
5. Conclusion 
The paper formulated a two stage optimization model for transmission expansion planning and transformer 
replacement that accounts for constructing additional transmission lines and replacing transformers while balancing 
system reliability in the form of loss of load expectation. Benders decomposition is proposed to solve it. A small 
illustrative example was solved in a reasonable amount of time.  Additional research is needed to determine values 
for the disjunctive parameters that will allow convergence to the optimal solution and implement importance 
sampling to reduce the number of scenarios considered. 
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